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We show that there is a special choice of parameters for which the galileon theory is invariant under 
an enhanced shift symmetry whose non-linear part is quadratic in the coordinates. This symmetry 
fixes the theory to be equivalent to one with only even powers of the field, with no free coefficients, 
and accounts for the improved soft limit behavior observed in the quartic galileon S-matrix. 


Effective theories with derivative interactions have 
been of great interest recently. Much of this work has 
focused on a particular family of scalar field theories, the 
galileons [1]. These theories have primarily been of in¬ 
terest in cosmology, where they arise in various infrared 
modifications of gravity (they appeared in the decoupling 
limit of the Dvali-Gabadadze-Porrati model [2-4], and 
have since been seen to arise in massive gravity [5, 6]), 
but they have potential applications in many corners of 
high energy physics, cosmology and even condensed mat¬ 
ter. 

Galileons appear in the non-relativistic limit of theories 
describing fluctuating hypersurfaces [7-10], which is of 
interest in high energy physics, but may also be of interest 
for biophysics or condensed matter applications. The 
galileons and their higher-shift analogues may also be 
useful for describing Goldstone bosons near multi-critical 
points [11-13]. 

Galileons possess a number of interesting properties: 
they obey a non-renormalization theorem [2, 14], which 
indicates that they may be employed to address natu¬ 
ralness problems. They can exhibit classically non-linear 
behavior without losing control of quantum corrections— 
this is the essence of the Vainshtein mechanism which 
can screen the presence of the galileon from Solar Sys¬ 
tem tests [15, 16]. Additionally, the galileons can be in¬ 
terpreted as Wess-Zumino terms for a particular spon¬ 
taneously broken space-time symmetry [17]. For reviews 
of these properties along with cosmological applications 
and generalizations, see [18-20]. 

The galileon has two essential defining properties: sec¬ 
ond order equations of motion (which ensures that the 
theory does not propagate an Ostrogradsky-type ghost) 
and invariance under the symmetry 

54) = c + b^x^, (1) 

where c is a constant, 5^ is a constant vector and is the 
spacetime coordinate. There are a finite number of terms 
with these properties; H -|- 1 of them in D dimensions. 

In this letter, we show that, up to field redefinitions, 
there is a single choice of coefficients for the galileon 
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terms for which the theory is additionally invariant un¬ 
der a higher-shift symmetry. Up to held redehnitions, 
this symmetry hxes all the coefficients of the galileon, 
and the resulting theory is equivalent to one with only 
even powers of the held. For example, in four dimensions, 
the theory containing only the quartic galileon term. 


+lie 


W)" - (a„d„<i,f , (2) 


where A is the strong coupling scale, is invariant under 


b4> = Sf_iyX^x'' + ^S>^''d^4)dv4>, 


( 3 ) 


where Sfj,v is a traceless symmetric constant tensor = 
s — 0 

As with all global symmetries, this symmetry has con¬ 
sequences for correlation functions and scattering ampli¬ 
tudes. We show that the soft-(() theorem associated to 
this extended shift symmetry implies that the soft limit 
of scattering amplitudes starts at 0{q^), higher than the 
O(g^) behavior of a generic galileon. This explains a 
phenomenon seen recently in [21]. 

Conventions: We use mostly plus signature. D is the 
number of spacetime dimensions. ~ denotes equality up 
to total derivative. 


A. Galileon Lagrangians and Useful Quantities 


The galileon Lagrangians can be conveniently written 
in terms of certain total derivative combinations. Define 
the matrix of second derivatives: = d^dy4>- At each 

order in </>, there is a unique combination of $’s that is a 
total derivative [1, 22], 

^ (—1)^ ... j^p-np{v„) 

p 

X (‘h/iil/i ^/221^2 ■ ■ ■ ^ PnVn) ' 

The sum is over all permutations of the v indices, with 
(—1)^ the sign of the permutation. The first few cases 
are 
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where the brackets are traces of the enclosed matrix prod¬ 
uct. We also define = 1. Since one cannot anti¬ 
symmetrize more than D indices in the definition (4), 
the term vanishes identically when n > D, so there 
are only a finite number of non-trivial such combinations. 

The galileon terms are given by 

£„ = i^^TD (6) 

2 n 

with the last equality up to integration by parts [23]. 
£i = (/) is a tadpole and £2 = is the kinetic 

term. The general galileon theory is a linear combination 
of the terms (6) with coefficients ci, • • • , cd+i 


B. The Symmetry 

The general transformation we will consider includes 
a part with no fields, a part with one power of the field, 
and a part with two powers of the field, 

5(j) = 5o(j) + ‘^l35i4’+{o- + ( 12 ) 

where a, j3 are constant parameters (the specific param¬ 
eterization is chosen for later convenience), and 

5 o 4 ' = a^^x^x'', 6i(j) = Sfj,^d'^(j)x‘', 62CI) = 

(13) 

with Sfii, a constant, symmetric, traceless tensor, 


D+l 


£ — ^ ( O-n^n 


( 7 ) 


n —1 


There is an energy scale. A, which suppresses the terms 
relative to each other, and at which the theory becomes 
strongly coupled. We have chosen units such that A = 1. 

An important ingredient will be the tensors con¬ 
structed out of as followsd 


X(") = 


-£ 


TD 




The first few are 




■) 


= 0. 


(14) 


The Euler-Lagrange derivatives of the variation of the 
general galileon terms under the three pieces (13) take a 
simple form in terms of the tensors (8) (see the Appendix 
for the proof). 


con- 

= 2(. 

(8) 
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(15) 


= ([‘fj" - [$'] [‘i’] + 2 $^. 

xUS = ([4>]^-3[$][4>2] +2[$3])r;^, 

- 3 ([$]" - [$"]) + 6 [$] $ 2 , - 

; (9) 

The are symmetric, identically conserved d^X^ = 
0, and satisfy the recursion relation [6] 

4”^ = -n + £™ry^., (10) 

as well as the contraction property = £™i. 

The most important property for what follows is 
that these tensors satisfy dimension dependent identities: 
x\^ vanishes identically for n > H: 

=0, n>D. (11) 


Looking at the form of (15), we see that if we choose 
relative coefficients properly, the terms of various order 
in the galileon Lagrangian (7) can be made to cancel 
against each other under the action of (12), up to a total 
derivative. To accomplish this, we demand 

Cn (q! -|- /3^) (52£n + 2c„+i/3(5i£„_|_i -f C„+2(5o£n-|-2 — 0, 

( 16 ) 

which yields the recursion relation 

(n -I- 1) c „+2 - 2/3c„+i -I- (a -b j3^) -c„ = 0. (17) 

^ ' n 

This relation determines all the coefficients of (7) in 
terms of ci,C 2 and the parameters a, (3 of the transfor¬ 
mation. 

To establish invariance of the action, we must also show 
that the lowest order terms are invariant under the lowest 
order parts of the symmetry, and that the highest terms 
are invariant under the highest parts of the symmetry. 
For the lower part, it is straightforward to see that the 
kinetic term and tadpole terms are invariant up to a total 
derivative under the lowest order parts of the symmetry, 


This is because £™ vanishes for n > H. 


<^o£ 2 — 0, (^o£i — 0, ^i£i — 0. (18) 


^ These are the same tensors which appear in the decoupling limit 
of massive gravity [6] (see the appendix of [24] for more on their 
properties). 


The highest terms are invariant under the higher or¬ 
der parts of the symmetry because of the dimension- 
dependent identity (11) 

<^2£d — 0, 82 ^ 0+1 — 0, 5iLd+i — 0. (19) 
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Without loss of generality, we may take ci = 0 by 
expanding around a background solution ^ oc [1] and, 
assuming the background is stable, we may canonically 
normalize the kinetic term to set C 2 = 1 (the form of the 
ansatz (12) is unchanged under these field redefinitions). 
Taking these values as initial conditions, the recursion 
relation (17) can be solved to give 


2^J—a(n — 1)! 


( 20 ) 


D. Symmetry Algebra 

The generators of the galileon symmetry (1) are 

C./) = 1 , , (25) 

Along with the standard linear Poincare generators 
Pfi4> = they close to form 

the galileon algebra [17], whose non-zero commutators 
are 




C. Behavior Under Galileon Duality 

Galileon duality [25, 26] gives a one-parameter redun¬ 
dancy of the galileon Lagrangians. By performing a field 
redefinition 


along with the standard commutators = 

'n^xPu VuxP^ 5 \Jfiiy ; J Xcr] — V^X Jua ’Hi^xJficr T TJiy/y J 

VtJ.o-JuX of the Poincare algebra. 

There is a new symmetric traceless generator associ¬ 
ated with the new symmetry (23) 


= e 


6»(5, 




( 21 ) 


— XpiXy J)X P ^ 




we transform a galileon theory with one set of parameters 
into a galileon theory with a different set of parameters 
which are related by [27], 

^ ^ nn—m 

CnCn{(l)') = y] dni0)Cni4>), dn{8) = Y] -- 

in — m}\ 

Under this duality, the symmetry (3) with (j) ^ (j)' be¬ 
comes 


This generator closes with the galileon algebra to form 
an enlarged symmetry algebra whose new non-zero com¬ 
mutators are 

2 

[Pfii = Tj^yB\ -\- tj^\Bi/ ~j^B , 

[Bfj,,Sux] = -a{viJ.i^Px + V^-xPu - ^PtiViyx'j, (26) 

[*5*^1/, 5 *^( 7 ] — O; {rj^xJua P '^I'Xdfitj P ^uadfiX P V^aJuX^ ; 
‘S'act] — ^^xSvcr ^i/Xpfia T ^fiaSxi/ ^L/a^Xfi ■ 


H = s^vX^x'" P 2(/3 -I- 9)s^i,x^d''(f) 

p{ap{ppef)s^'^df,(t>d,4> ■ ( 22 ) 


When a —>• 0, this reduces to the algebra of traceless 
N = 2 extended shift symmetries studied in [12]. 


Given our canonically normalized theory with no tad¬ 
pole, the coefficient C 3 simply shifts by 9 under duality, 
so a convenient way to fix the duality ambiguity is to 
choose 9 so that C 3 = 0. From (20), we have C 3 = /3, so 
we choose 9 = —/3, after which the symmetry (22) takes 
the form 

S(j} = Sf^i^x^x'^ P , (23) 

and the Lagrangian coefficients (20) become 
(— cx) ^ ^ 

Cn= \ Y', , n = 2,4,6,... (24) 

(n- 1 )! 

with the odd c„’s vanishing. 

We see that once the duality ambiguity is removed, the 
theory with the symmetry (23) contains only even powers 
of the field, with coefficients completely fixed in terms of 
one parameter a, which, furthermore, can be re-absorbed 
into the energy scale A by changing units. Thus, the 
theory is completely fixed, with no free parameters other 
than the energy scale of strong coupling. 


E. Soft Limit 

Recently, the authors of [21] studied the behavior of 
soft limits of scattering amplitudes in various scalar field 
theories in D = 4. In particular, they found that DBI 
has better behavior (with amplitudes scaling as 0 {q^) in 
the soft limit) than a generic P{X) theory, and that the 
general galileon has the best soft behavior among theo¬ 
ries whose terms have N fields and 2{N — 1) derivatives. 
Additionally, they found a scalar field theory which has 
even better soft behavior, with its scattering amplitudes 
scaling as 0 {q^) in the soft limit, which they conjectured 
to be the quartic galileon. We are now in a position to 
see that this is a consequence of invariance under the 
extended shift symmetry (23). 

This symmetry leads to a “soft-^” theorem of the fol¬ 
lowing form (which is analogous to the soft pion theorems 
of chiral perturbation theory [28, 29] or the soft-C theo¬ 
rems in cosmology [30, 31, 34]): 

( 27 ) 
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which says that the traceless part of the 0 {q^) soft limit 
of the {N + l)-poiiit correlation function is given by some 
differential operator V acting on the iV-point correlator 
(the prime denotes a correlation function without the 
momentum-conserving delta function). The precise form 
of T) is not important for our present purposes. Now, 
our theory contains only galileons with even numbers of 
fields, and this Z 2 symmetry causes all odd-point ampli¬ 
tudes to vanish. Therefore, if {N -|- 1) is even, the right 
hand side of the identity (27) is zero, and (27) tells us 
that the traceless part of the 0 {q^) part of the soft limit 
vanishes. Since the galileon is massless, its 4-momentum 
is null, so the trace part vanishes as well. Therefore, in 
the theory of the quartic galileon, the soft limit of am¬ 
plitudes starts at 0 {q^), in agreement with the findings 
of [21] in explicit computations. Note that in higher di¬ 
mensions, the theory (24) we have identified with this ex¬ 
tended symmetry will also enjoy this improved soft limit 
behavior, as will all the theories related to it by galileon 
duality. This is also the same special galileon theory 
for which an exact S-matrix was conjectured in [32]. In 
H = 4 it is the Legendre self-dual model described in 
[33]. 


F. Conclusions 


Taking the variation with respect to (j), again using anti¬ 
symmetry. 



2(n-l)(n-l)!sV;.‘'^<i>^?---V.-r' 

(31) 


giving the first line of (15). 
The variation under 62 is 


S£^ l)!s^‘^9^<^ d.cj, $ ^ , (32) 


Taking the variation with respect to (j), all the contribu¬ 
tions with three or four derivatives on any (/) cancel out, 
and what remains are the two-derivatives contributions, 


- (< 52 /:„) = - 2 (n - 
= 2 (n - l)(n - 


= -2s^'^ 




(33) 


We have identified a family of galileon theories which 
are invariant under an extended symmetry consisting of 
a shift quadratic in space-time coordinates and a shift 
quadratic in the field. The presence of this symmetry ex¬ 
plains the soft behavior of scattering amplitudes in these 
theories. It is possible that this structure generalizes to 
higher shifts in both space-time coordinates and fields, 
which would lead to theories with even better soft be¬ 
havior in higher dimensions. We note that a 0*** order 
requirement that makes this plausible is that the kinetic 
term is invariant under an arbitrarily high-order traceless 
shift symmetry [ 12 ]. 


Appendix: Proof of (15) 

Write the galileon Lagrangians in the form £„ = 
^ with anti-symmetrization of 

weight one, consistent with ( 6 ), (4). Using the anti- 
symmetrization of the derivatives, any variation can be 
written as 


c^{n-l)lSct> $^ • (28) 

The variation under Sq is 

6 Cn ^{n- (29) 

which upon integration by parts and using anti-symmetry 
becomes 

2 (n - (30) 


Now we use the recursion relation (10) twice in order to 
reduce the second term in the brackets: 




_ $ ^ 

n-l ^ 


__i_ /’TD 


n — 1 


- - T™ n 


'i'fj.uJ-n-l 


There is a cancellation between the final term here and 
the first term in the brackets of (33), and we may ignore 
the term proportional to 77 ^ 1 , because of the traceless¬ 
ness of leaving the result in the last line of (15), 

^ { 52 Cn) = ■ The proof of the second line of 

(15) follows similarly. 
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